In this paper, we prove several results on finitely generated dynamical Galois groups attached to quadratic polynomials. First we show that, over global fields, quadratic post-critically finite polynomials are precisely those having an arboreal representation whose image is topologically finitely generated. To obtain this result, we also prove the quadratic case of Hindes' conjecture on dynamical non-isotriviality. Next, we give two applications of this result. On the one hand we show that several infinite families of subgroups of the automorphism group of the infinite binary tree cannot appear as images of arboreal representations of quadratic polynomials over number fields, yielding unconditional evidence towards Jones' finite index conjecture. On the other hand, we prove that quadratic polynomials over global fields with abelian dynamical Galois group are necessarily post-critically finite. Finally, we combine our results with local class field theory to prove that if f ∈ Q[x] is quadratic and α ∈ Q, then the dynamical Galois group attached to the pair (f, α) is abelian if and only if (f, α) is Q-conjugated to either (x 2 , ±1) or (x 2 − 2, β), where β ∈ {±2, ±1, 0}. This improves on recent results of Andrews and Petsche.
Introduction
One of the central tasks in modern Arithmetic Dynamics is to understand images of arboreal Galois representations or, more in general, dynamical Galois groups. This is still a rather mysterious topic even in the first non-trivial case, which is that of quadratic polynomials. A great amount of interest on the topic has risen in recent years, as witnessed by the numerous papers on the topic, such as [1, 3, 4, 7, 9, 10, 11, 12, 13, 19, 20] .
In the present paper we prove several results which give constraints on the image of the arboreal representation associated to a quadratic polynomial over a global field. Let us start by briefly recalling the setting: K is a field of characteristic not 2, f = (x − a) 2 − b ∈ K[x] and α ∈ K. Throughout the paper, we will denote by f n the n-fold iteration of f , rather than the n-th power. For every n ≥ 1, we will denote by K n (f, α) the splitting field of the polynomial f n (x) − α and by G n (f, α) its Galois group. Moreover, we will let K ∞ (f, α) := lim − →n K n (f, α) and G ∞ (f, α) = lim ← −n G n (f, α) the Galois group of K ∞ (f, α). The group G ∞ (f, α) is commonly referred to, in the literature, as the dynamical Galois group attached to the pair (f, α). When f n −α is separable for every n ≥ 1, one can associate to the pair (f, α) a so-called arboreal Galois representation, namely a continuous homomorphism ρ f,α : Gal(K sep /K) → Ω ∞ , where Ω ∞ is the group of automorphisms of the infinite, rooted, regular binary tree (see for example [19] for more details). Clearly, in this case we have that G ∞ (f, α) ∼ = Im(ρ f,α ) as topological groups. In order not to confuse the reader, we will use the notation G ∞ (f, α) when there will be no separability assumption, while Im(ρ f,α ) will be reserved to cases in which we assume every f n − α to be separable.
Although certain basic results on arboreal representations, such as some of those contained in [13, 25] , hold for any base field of characteristic not 2, when K is a global field things become much more rigid. In this framework, post-critically finite polynomials (PCF for short) play a crucial role. Recall that a quadratic polynomial f = (x − a) 2 − b is called post-critically finite if the orbit of a is finite, and postcritically infinite otherwise. It is a well known fact that arboreal representations of quadratic PCF polynomials have topologically finitely generated image, which is implied by the fact that in this case the pro-2-extension K ∞ (f, α) turns out to be ramified only at finitely many primes. In fact, f is PCF if and only if K ∞ (f, α) ramifies at finitely many primes (see [8] for a more general result).
Our first result (Theorem 2.5) shows that for quadratic polynomials over global fields of characteristic not 2 the following four conditions are equivalent:
(1) f is PCF; (2) K ∞ (f, α) ramifies at finitely many primes;
(3) Im(ρ f,α ) is topologically finitely generated; (4) the sub-F 2 -vector space of K * /K * 2 generated by the set {f n (a) − α} n≥1 is finite dimensional.
The proof of (3) =⇒ (4) uses part of the results of [13] . In order to prove (4) =⇒ (1) when the base field has positive characteristic, we prove (Theorem 2.4) the quadratic case of Hindes' conjecture on dynamical non-isotriviality [16, Conjecture 3.1] .
As an application of Theorem 2.5 we provide unconditional evidence towards Jones' Finite Index Conjecture [19, Conjecture 3.11] . This conjecture aims to characterize quadratic rational functions whose arboreal representation has finite index image inside Ω ∞ . When one restricts to quadratic polynomials over number fields, the conjecture reads in the following way. Conjecture 1.1. Let K be a number field, and let f ∈ K[x] be a quadratic polynomial such that f n is separable for every n. Then Im(ρ f,0 ) has infinite index in Ω ∞ if and only if f is PCF or 0 is periodic for f .
It is worth remarking that one direction of Conjecture 1.1 is already known to be true: if f is PCF or 0 is periodic for f , then [Ω ∞ : Im(ρ f,0 )] = ∞ (see [19, Section 3] ). The converse statement remains unproven, although there are partial results towards it [20] , conditional on abc and Vojta's conjectures.
A special case of Conjecture 1.1 is the following one. Recall that there is a bijection between the set of closed maximal subgroups of Ω ∞ and the set of non-zero vectors in i∈Z ≥1 F 2 (see Section 2 for details). For every such vector v, denote by M v the corresponding maximal subgroup. For any subset 
Observe that for an arboreal image Im(ρ f,0 ), being contained in MJ is a well-defined notion, since MJ is normal in Ω∞: it does not depend on the identification between the tree of roots and the "abstract" tree. Our next two main results establish a number of cases of Conjecture 1.2, hence providing unconditional support in favour of Conjecture 1.1. We pinpoint in Definition 3.3 a certain class of subsets J ⊆ i∈Z ≥1 F 2 , which we call (k, ℓ)-progressing, where k and ℓ are positive integers. We then prove the following theorem. Theorem 1.3. Let k, ℓ be positive integers and let J ⊆ i∈Z ≥1 F 2 be a (k, ℓ)progressing subset.
(1) Conjecture 1.2 holds for M J . In particular, if Im(ρ f,0 ) ⊆ M J then f is PCF.
(2) For every number field K and every quadratic polynomial
As a special case of Theorem 1.3, we establish in Corollary 3.5 that the commutator subgroup [Ω ∞ , Ω ∞ ] (that corresponds to J = i∈Z ≥1 F 2 ) cannot be realized as an arboreal image over a number field.
For the special subclass of polynomials of the form f = x 2 + a we exploit the well-known divisibility relations displayed by the elements of the post-critical orbit of f , which we summarize in the well-known Lemma 3.8. Combining this lemma together with a consequence of the Capitulation Theorem (Proposition 3.7) we are led to pinpoint in Definition 3.6 a second class of subsets J ⊆ i∈Z ≥1 F 2 , which we call M -coprime, for some nonnegative integer M . For this class we are able to prove the following. We next turn our attention to the case of abelian subgroups of Ω ∞ . In [13, Proposition 7.3] we proved that elements σ of Ω ∞ swapping the 2 halves of the tree do not commute with any other automorphism of the tree having image in Ω ab ∞ linearly independent from that of σ. In [13] we used this result, among other tools, to prove [13, Theorem C] , which gives that the groups M v , M w are isomorphic, as profinite groups, if and only if v = w. Indeed this result indicates, in a precise sense, that often elements of Ω ∞ do not commute. So, as we show in Proposition 4.4, one can immediately apply [13, Proposition 7.3] to prove that abelian subgroups of Ω ∞ have infinite index therein. Hence each of them is within the realm of Conjecture 1.1. Our idea in the present work is to use [13, Proposition 7.3] as a tool to systematically detect constraints on abelian arboreal images. Namely we completely prove this case of Conjecture 1.1 in the following result.
is abelian then f is post-critically finite. Hence, an abelian closed subgroup of Ω ∞ can be an arboreal image over a number field only if it is topologically finitely generated.
In fact Theorem 1.5 holds in the more general setting of dynamical Galois groups over global fields, cf. Theorem 4.8.
It is worth noticing that Theorem 1.5 fits very naturally in the philosophy according to which post-critically finite polynomials are dynamical analogues of elliptic curves with complex multiplication. This way of thinking is supported by several existing results, such as [5, 14] , and of course also by Conjecture 1.1, which would be an analogue of the celebrated Serre's Open Image Theorem. Theorem 1.5 can be compared to the following standard fact in the theory of elliptic curves (see for example [24, Theorem III.7.9, Remark III.7.10]): if K is a number field, E/K is an elliptic curve, ℓ is a prime and ρ E,ℓ : Gal(K/K) → GL 2 (Q ℓ ) is the Galois representation on the ℓ-adic Tate module of E, then Im(ρ E,ℓ ) is an abelian subgroup of GL 2 (Q ℓ ) if and only if E has complex multiplication. Theorem 1.5 naturally raises the following question. Which topologically finitely generated closed abelian subgroups of Ω ∞ can be obtained as arboreal images over some global field? This has been posed for number fields in a recent preprint by Andrews and Petsche [4] . There, the authors propose a conjecture [4, Conjecture 1] that characterizes dynamical systems of the form (f, α), where f is a polynomial over a number field and α ∈ K, such that K ∞ (f, α) is an abelian extension of Q. In [4] , they prove their conjecture for quadratic stable pairs (f, α) in Q; this amounts to say that f ∈ Q[x] is a quadratic polynomial, α ∈ Q and f n − α is irreducible for every n. Their proof relies on ideas from Arakelov theory and requires some computer-assisted numerical verifications.
Here we provide a completely alternative route, which gives at once a stronger result and a one-page proof. Our approach consists of combining local considerations, building on a result of Anderson et al. [3] , with Theorem 1.5. The upshot is that we establish [4, Conjecture 1] for any quadratic pair (f, α) over Q, without requiring any stability assumption. Recall that if K is a field, f, g ∈ K[x] and α, β ∈ K, we say that the pair
. Our result is the following. Finally, in Theorem 4.13 we switch the attention to global fields of positive odd characteristic and we completely classify pairs (f, α) with dynamical abelian Galois groups: they necessarily arise, up to conjugation, from constant pairs, namely pairs (g, β) where β and the coefficients of g belong to a finite field (and of course, every such pair has abelian dynamical Galois group).
The local considerations that we used are based on tame ramification, where it is enough to show that the local arboreal representation has infinite ramification to rule out abelian images (given that the relevant Galois groups are pro-2-groups). One might wonder whether a careful examination of the wild ramification combined with the Hasse-Harf theorem, which constrains the upper ramification jumps in abelian extensions of local fields to be integers, might lead to further progress on this question and on [4, Conjecture 1]. We leave this possibility to future research.
Finitely generated arboreal representations
Before stating and proving our first result, we need to recall some of the notation and a key result from [13] . Let Ω ∞ be the automorphism group of the infinite, regular, rooted binary tree. Every element σ ∈ Ω ∞ admits a so-called digital representation, namely a decomposition σ = (. . . , σ n , . . . , σ 1 ) where σ n ∈ F 2 n−1 2 for every n. One has, for every n ≥ 1, a continuous homomorphism φ n : Ω ∞ → F 2 that sends σ to the sum of the coordinates of σ n . The natural homomorphism from Ω ∞ to its abelianization is given by φ :
Since Ω ∞ is a pro-2-group, its maximal closed subgroups are the ones having index two, and hence they are parametrized by the non-zero vectors in n≥1 F 2 . For such a vector v = (v n ) n≥1 we denote by M v the corresponding maximal subgroup: this is nothing else than ker n≥1 v n φ n . Now let K be a field of characteristic not 2 and let
have adjusted post-critical orbit {c n } n≥1 . We let c 1,α := c 1 + α and c n,α := c n − α for every n ≥ 2. Let α ∈ K and assume that f n (x) − α is separable for every n, which is equivalent to asking that c n,α = 0 for every n ≥ 1, i.e. that α does not belong to the post-critical orbit of f . For every n ≥ 1 we denote by K n (f, α) the splitting field of the polynomial f n (x) − α and by G n (f, α) its Galois group. Let
. This is the image of the arboreal representation ρ f,α attached to f with basepoint α.
Finally, for a 1 , . . . , a n ∈ K * we denote by a 1 , . . . , a n the F 2 -sub-vector space generated by the a i 's in K * /K * 2 .
The following proposition is stated for ρ f,0 in [13] , but extending it to ρ f,α for any α requires no non-trivial modifications. 
Then we have:
Part of the proof of our Theorem 2.5 will require a distinction between global function fields and number fields. This is due to the fact that Faltings' theorem in the function field case needs the curve to be non-isotrivial. Recall that a curve C over a global field K of positive characteristic p is called isotrivial if there exists a curve C ′ defined over F p such that C is isomorphic to C ′ over K. For this reason we will now state and prove, in degree 2, a result that had been conjectured by Hindes in [16, Conjecture 3.1] for polynomials of any degree. In order to do so, we first need two auxiliary results. 
. Let K be a field of characteristic not 2 and C/K be a hyperelliptic curve of genus g ≥ 1. Then C has a Weierstrass equation over K of the form
is a monic separable polynomial of degree 2g + 1. Moreover, such equation is unique up to a change of coordinates of the form x = u 2 x ′ + r, y = u 2g+1 y ′ for some u, r ∈ K with u = 0. Theorem 2.4. Let K be a global function field of characteristic p = 2. Let γ, c ∈ K be distinct elements not both in
. Suppose that φ n is separable for every n. For every m ≥ 1, let C m : y 2 = φ m (x). Then the following hold.
(1) Suppose that γ does not equal c + t √ −c for any t ∈ F p . Then the curve C 2 is smooth and not isotrivial.
Then the curve C 3 is smooth and not isotrivial. (3) The curve C m is smooth and not isotrivial for every m ≥ 3.
Proof. The smoothness part of the statements follows from the separability of φ n . Notice that for every m, n ≥ 1 with m ≥ n, there is a non-constant morphism C m → C n given by (x, y) → (φ m−n (x), y). Hence (3) follows from (1), (2) and Proposition 2.2.
(1) Let E :
. This is a smooth curve, because the roots of the (x − c)φ(x) are c and γ ± √ −c. It follows that the only possibility for E not being smooth is that c = γ ± √ −c, which is forbidden by hypothesis. There exists a non-constant morphism
First, assume that E is isotrivial. By Proposition 2.3 this amounts to say that over K, E has an equation of the form
is a monic, cubic polynomial and the two Weierstrass equations for E are related by a change of coordinates of the form x = u 2 x ′ + r, y = u 3 y ′ for some u, r ∈ K with u = 0. Again, this amounts to say that f (u 2
But then let x 1 , x 2 , x 3 ∈ F p be the roots of g(x ′ ). These must correspond, through the aforementioned change of coordinates, to the roots of f , which are c, γ ± √ −c. Without loss of generality we can assume that γ + √ −c = u 2 x 1 + r and γ − √ −c = u 2 x 2 + r. Subtracting term by term, it follows that u 2 = 2 √ −c x 1 −x 2 . Now necessarily c = u 2 x 3 + r, and subtracting term by term the relation for γ + √ −c one gets that
(2) The proof follows the very same logic of that of part (1). Let C 3 : y 2 = (x − c)φ 2 (x). First, we need to verify that this is a smooth curve of genus 2, which is equivalent to ask that (x − c)φ 2 (x) has pairwise distinct roots. Of course φ 2 (x) already has this property by hypothesis. Hence, this can only fail for (
. This is impossible because it would imply that c, γ ∈ F p . Now notice that there is a non-constant morphism C 3 → C 3 given by (x, y) → (φ(x), y(x−γ)). Thus by Proposition 2.2 it is enough to show that C 3 is not isotrivial. Once again, by contradiction suppose it is. Then by Proposition 2.3 C 3 has an equation over K of the form
is a monic polynomial of degree 5, and the two equations are related by a change of coordinates of the form
These together imply that
. On the other hand, c = u 2 x 3 + r and subtracting from the relation for x 1 we get that
Thus √ −c is constant and consequently c and γ are both constant, contradicting the hypotheses.
It is worth noticing that Theorem 2.4 yields a stronger conclusion than that of [16, Conjecture 3.1] for quadratic polynomials. In fact, such conjecture requires φ to be non-isotrivial, which means that there are no
, which is clearly a weaker condition. Clearly this condition is also necessary:
Theorem 2.4 immediately implies that every φ satisfying its hypotheses also satisfies those of [17, Theorem 1.1], and therefore in turn it implies a uniform bound on the Zsigmondy set for wandering points for all such polynomials.
We are now ready to state and prove the main result of this section.
Theorem 2.5. Let K be a global field of characteristic not 2, f ∈ K[x] be monic and quadratic and α ∈ K not in the post-critical orbit of f . Then the following are equivalent.
(1) f is post-critically finite;
(2) K ∞ (f, α) ramifies at finitely many places;
(2) =⇒ (3) It follows from a theorem of Ihara (see [23, Theorem 10.2.5]) that the Galois group of the maximal extension of a number field unramified outside a finite set of primes is topologically generated by finitely many conjugacy classes. For a pro-2-group, being topologically generated by finitely many conjugacy classes is equivalent to being topologically finitely generated.
(3) =⇒ (4) Let G := Im(ρ f,α ). Since G is topologically finitely generated then the group hom cont (G, F 2 ) is finite. The inclusion G ֒→ Ω ∞ induces by restriction a map r : Ω ∨ ∞ → hom cont (G, F 2 ).
Since Ω ∨ ∞ is generated by all the φ n 's, it follows that there exists some n 0 ∈ N such that for every n > n 0 , r(φ n ) = r(φ m ) for some m ≤ n 0 . This amounts to say that for every n > n 0 there exists m ≤ n 0 such that G ≤ M vm,n , where v m,n ∈ Z ≥0 F 2 is the vector having 1 precisely at the m-th and n-th entry, and 0 elsewhere. But then, by Proposition 2.1, it follows that c m,α c n,α ∈ K * 2 . This clearly shows that {c 1,α , . . . , c n 0 ,α } generates c 1,α , . . . , c n,α , . . . .
(4) =⇒ (1) Suppose by contradiction that f is not post-critically finite. Notice that {c n,α } is the adjusted post-critical orbit of the polynomial g :
Hence, g is also not post-critically finite. Now choose n ≥ 3 such that {c 1,α , . . . , c n,α } generates c i,α i∈N , and let C n : y 2 = g n (x). This is a smooth curve, because c i,α = 0 for every i, and has genus at least 2. If K is a global function field, notice moreover that since g is not post-critically finite, then it fulfils the hypotheses of Theorem 2.4. It follows that C n is a non-isotrivial curve. Since {c 1,α , . . . , c n,α } generates c i,α i∈N , by pigeonhole there exist e 1 , . . . , e n ∈ {0, 1} such that c e 1 1,α . . . c en n,α c m,α is a square in K for infinitely many m's. Then there are infinitely many m's such that in the global field L := K c e 1 1,α . . . c en n,α the element c m,α is a square. Since g is post-critically infinite, this implies that C n has infinitely many L-rational points, contradicting Faltings' theorem.
Remark 2.6. Observe that the implication (3) =⇒ (1) in Theorem 2.5 is clearly false for a general field K. Indeed there are several fields with finitely generated absolute Galois group and admitting non post-critically finite quadratic polynomials, e.g. algebraically closed fields of characteristic 0 or a local fields.
On the other hand, from the proof above it is clear that the implication (3) =⇒ (4) holds for any ground field of characteristic not 2.
Non-realizable subgroups of Ω ∞
In this section, we will show that if I ⊆ n≥1 F 2 is a set of vectors satisfying certain conditions, then the group M I := i∈I M i is never the image of the arboreal representation attached to a quadratic polynomial over a number field, as predicted by Conjecture 1.1.
We begin with a simple fact, which is a profinite variation of Schreier's Lemma. , Ω ∞ ], F 2 ) is finite. However, as proved in [13] , for every n ≥ 1 there exists a character φ n (x) :
⊆ Ω ∞ is given by the sum of the first half of the coordinates of σ n . The family { φ n (x)} n≥1 is linearly independent and infinite, and we have a contradiction.
(2) Assume by contradiction that M I is topologically finitely generated. Then M ab I is a finitely generated Z 2 -module. Dualizing, it follows that (M ab I ) ∨ embeds into (Q 2 /Z 2 ) m for some m ≥ 1. Hence, its 2-torsion is at most m-dimensional as a vector space over F 2 . Now consider the restriction map r :
, and hence the subspace of (M ab I ) ∨ spanned by φ i|M I i≥1 is finite dimensional. It follows that H := i≥1 ker φ i|M I is open in M I . By Proposition 3.1, this shows that H is topologically finitely generated. On the other hand, it is immediate to see that H = [Ω ∞ , Ω ∞ ], and we get a contradiction from (1) .
We now give a definition that has the purpose of pinpointing a first infinite class of subsets J ⊆ i∈Z ≥1 F 2 , for which we will establish that M J does not arise as an arboreal Galois image over number fields. Proof. (a) We only need to prove that the polynomial f must be post-critically finite, by Theorem 2.5. Let I ⊆ J be the infinite set whose existence is guaranteed by the definition of (k, ℓ)-progressing set. Up to replacing I by an infinite subset, we can assume that there exists some i 0 ∈ Z ≥3 such that v i = 0 for every v ∈ I and every i < i 0 . For every v ∈ I, let r v be the index of the first non-zero entry of v. Since As a special case we obtain the following corollary. Proof. This subgroup is obtained taking J = i∈Z ≥1 F 2 , which is (k, ℓ)-progressing for any positive integers k, ℓ. Hence the desired conclusion follows at once from Theorem 3.4 part (b).
There are several subsets J ⊆ i∈Z ≥1 F 2 that are not (k, ℓ)-progressing for any positive integers k, ℓ. Our next definition has the purpose of pinpointing a second class of subsets J for which we are able, for the sub-class of polynomial of the form x 2 + a, to prove the analogue of Theorem 3.4 and Corollary 3.5. To motivate this definition we remind the reader of the rigid divisibility property among the elements of the post-critical orbit for such polynomials: this is given in Lemma 3.8.
Definition 3.6. Let M be a nonnegative integer. Let J ⊆ i∈Z ≥1 F 2 . We say that J is M -coprime if the sub-vector space spanned by J contains an infinite subset I such that for every v ∈ I there exists a non-zero entry v i with i > M such that the following two conditions hold:
(1) if v j = 1, j = i and j > M , then (i, j) = 1;
(2) as v ranges over M , the index i is not bounded from above.
For a number field K, we denote by Σ K the set of finite places of K. To take advantage of the divisibility properties we need the following basic fact that allows, after a finite extension, to turn elements with everywhere even valuation into squares. Proposition 3.7. Let K be a number field. Then there exists a finite extension L/K with the following property. For each α ∈ K * such that v(α) is even for all v ∈ Σ K , we have that α ∈ L * 2 .
Proof. Let H K be the Hilbert class field of K. This is the largest abelian unramified extension of K, and it is a finite extension. Recall that by the Capitulation Theorem (see for example [22, VI.7 .5]) every ideal of K becomes principal in H K . Furthermore, thanks to Dirichlet's unit theorem, there exists a finite extension L/H K such that all elements of O * H K are squares in L. We claim that this L satisfies the property described in the statement. Observe that α in K * has v(α) ≡ 0 mod 2 for each v ∈ Σ K if and only if the fractional principal ideal (α) is a square in the group of fractional ideals of K. It follows that the extension of (α) to H K is the square of a principal fractional ideal of H K . Hence, there exists x ∈ H * K such that x 2 = εα for some ε ∈ O * H K , and, since by construction ε becomes a square in L, we conclude that α is a square in L.
The following lemma is a trivial generalization of part of the proof of [25, Lemma 1.1]. We nevertheless include a proof for the sake of completeness. Proof. (1) is obvious. To prove (2), consider the finite prime p corresponding to v and look at the post-critical orbit modulo powers of p: one immediately sees that 0 is periodic modulo p v(cn) and the period is n. On the other hand, modulo p v(cn)+1 one has that c n+1 = c 2 n + a ≡ a ≡ −c 1 mod p v(cn)+1 , and therefore c n+2 ≡ c 2 mod p v(cn)+1 . It follows that v(c i ) ≤ v(c n ) for every i.
We are now in position to state and prove the second main theorem of this section. Notice that by definition of M -coprimality, up to replacing I with an infinite subset of itself we can assume that i > 1. By Proposition 2.1, we have that
We claim that (2) implies that v(c i ) is even for all v ∈ Σ K ′ . By Lemma 3.8, this is certainly true if v(c i ) < 0. Otherwise, observe that by definition of K ′ we have that
Lemma 3.8, together with the definition of M -coprimality, ensures that for any v ∈ Σ K ′ we have that v(c i ) > 0 implies that v(c h ) = 0 for each h > M such that h = i and v h = 1. We therefore conclude that v(c i ) must be even for each v ∈ Σ K ′ . Now it follows from Proposition 3.7 that there is a finite extension L/K ′ such that c i is a square in L. Since by definition of M -coprimality we have that i is arbitrarily large, as v varies in I, we conclude that if f is post-critically infinite the curve y 2 = f 3 (x) has infinitely many L-rational points. This contradicts Falting's theorem, and therefore f must be post-critically finite. By Theorem 2.5, this is equivalent to Im(ρ f ) being finitely generated.
Now we obtain immediately part (b). Indeed thanks to part (a) the image is topologically finitely generated as soon as it is included in M I . But thanks to Lemma 3.2, it then follows that it cannot be equal to M I itself.
We now specialize Theorem 3.9 to a simple family of examples. Within this family one can find several subsets J that are not (k, ℓ)-progressing for any positive integers k, ℓ. Hence this shows that Theorem 3.9 allows to exclude arboreal images (for polynomials of the shape x 2 + a) also when Theorem 3.4 does not apply.
Corollary 3.10. Let {a n } n∈Z ≥1 be a strictly increasing sequence of positive integers. Let J ⊆ n∈Z ≥1 F 2 be the set of vectors {v(n)} n∈Z ≥1 defined by v(n) i = 1 if and only if i ≤ a n . Then M J cannot be realized as Im(ρ f,0 ) by any polynomial of the shape x 2 + a over any number field.
Proof. Thanks to Theorem 3.9 and Lemma 3.2, it is enough to show that I is Mcoprime for some M ∈ Z ≥0 . We claim that J is 0-coprime and that we can set I, in the definition of 0-coprime, to be equal to J. For n = 1, we put i = 1 and we clearly have the required condition (1) of 0-coprimality. Now let n > 1 and let p n be the largest prime that is at most a n . Thanks to Bertrand's postulate, we must have that 2p n > a n , and this readily guarantees condition (1) of Definition 3.6 when we put i = p n . Such a choice also guarantees condition (2) of Definition 3.6, since the set of prime numbers is infinite. It is therefore clear that {v(n)} n≥1 satisfies the definition of 0-coprimality, by choosing the p n -th entry of v(n) for every n.
Abelian dynamical Galois groups
In this section we focus on quadratic polynomials having abelian dynamical Galois group. The question has been raised in a recent preprint by Andrews and Petsche [4] . There, the authors propose a conjecture [4, Conjecture 1] that characterizes pairs (f, α), where f is a polynomial over a number field K and α ∈ K, such that K ∞ (f, α) is an abelian extension of Q. In [4] , they prove their conjecture for quadratic stable pairs (f, α) in Q; this amounts to say that f is a quadratic polynomial over Q, α ∈ Q and f n − α is irreducible for every n.
Here, we will first show that if K is a global field of characteristic not 2, α ∈ K and f ∈ K[x] is a quadratic polynomial such that G ∞ (f, α) is abelian, then f is PCF. Next, we show that [4, Conjecture 1] holds for any quadratic pair (f, α) over Q. Notice that we do not require any stability assumption. Moreover, our proof technique differs heavily from that of [4] : ours is based on exploiting, through local class field theory, a result of Anderson et al. [3] .
Finally, as another application of our method, we will prove that when K is a global function field of odd characteristic, the only quadratic pairs (f, α) yielding abelian dynamical Galois groups are the ones coming up to conjugation from constant pairs, i.e. pairs (g, β) such that β and the coefficients of g are all constant.
As a first thing, we need the following proposition from [13] . Recall that the continuous homomorphism φ 1 : Ω ∞ → F 2 is defined as φ 1 (σ) = 0 if and only if σ does not swap the two halves of the tree. We now apply this proposition to show that closed abelian subgroups of Ω ∞ have infinite index therein. We first make a definition which will be used to obtain a rather more precise conclusion. For every n ≥ 1, we denote by Ω n the automorphism group of the infinite, regular, rooted binary tree truncated at level n. Let G be a closed non-trivial subgroup of Ω ∞ . We call the level of G the smallest non-negative integer n such that the image of G in Ω n+1 via the canonical projection Ω ∞ → Ω n+1 is non-trivial.
The following simple remark will play an important role. Remark 4.3. Let G be a closed non-trivial subgroup of Ω ∞ and let n be its level. Let V n be the set of nodes at distance n from the root of the tree. Observe that, by construction, G preserves each of the 2 n trees rooted in the nodes of V n . For each w in V n , we denote by ρ w : G → Ω ∞ the homomorphism induced by the identification between T ∞ and wT ∞ given by v → wv. By definition of level, there must be at least one w 0 in L n such that φ 1 • ρ w 0 (G) = {0}. We call such a w 0 a faithful node for G. Proposition 4.4. Let G be an abelian closed subgroup of Ω ∞ . Then we have the following.
(1) If G is non-trivial and of level n, then for each faithful node w 0 for G in V n we have that
Proof. Part (1) is an immediate consequence of Proposition 4.1. Part (2) is obvious if G is the trivial group and follows immediately from part (1) otherwise.
Let us now recall the definition of exceptional point.
Definition 4.5. Let K be a field and let K be an algebraic closure. Let f ∈ K[x] and α ∈ K. We say that α is exceptional for f (x) if the backward orbit {f −n (α)} n∈Z ≥1 is a finite subset of K.
Before stating the next lemma, let us remark the following elementary fact that will be used in the proof. Proof. (a) Up to replacing K with a finite extension, we can assume that G ∞ (f, α) is trivial. Then f n − α splits into linear factors for every n. Thus for all but finitely many places p of K, 2 there exists some sufficiently large n ∈ Z ≥1 such that the polynomial f n − α has two coincident roots modulo p. Hence, by [18, Lemma 2.6] , α is in the post-critical orbit of f modulo p for all but finitely many places p of K. By [6, Theorem 3.1] when K is a number field and by [26, Theorem 3] when K is a function field, this implies that α is in the post-critical orbit of f .
(b) Let f = (x − a) 2 − b be post-critically infinite, and suppose by contradiction that G ∞ (f, α) is finite. Then all of its subquotients are finite, and hence by (a) and Remark 4.6 this means that the whole backward orbit {f −n (α)} n∈Z ≥0 is contained in the post-critical orbit of f . Now choose an n such that {f −n (α)} contains at least two distinct elements β 1 , β 2 . Notice that this is always possible for n = 1 or 2: if it is not possible for n = 1, it means that α = −b. If α = −b and {f −2 (−b)} has just one element, then f = (x − a) 2 + a, which is post critically finite (notice that in fact a is an exceptional point for such polynomial). Then there are m 1 , m 2 such that β 1 = f m 1 (a) and β 2 = f m 2 (a). But this implies that α = f m 1 +n (a) = f m 2 +n (a), 2 We exclude the places at which some coefficient of f or α have negative valuation plus the Archimedean places in the number field case implying m 1 = m 2 because f is post-critically infinite, and yielding a contradiction because β 1 = β 2 by construction.
(c) One direction is obvious by definition. Conversely, assume that G ∞ (f, α) is finite. Again, it follows from point (a) and Remark 4.6 that the set of roots {f −n (α)} n∈Z ≥0 is entirely contained in the post-critical orbit of f . Furthermore thanks to point (b) we know that f must be PCF. Hence {f −n (α)} n∈Z ≥0 is finite, which means exactly that α is exceptional.
Notice that points (b) and (c) of Lemma 4.7 together imply that only PCF polynomials can admit exceptional points.
We are now ready to show that only PCF polynomials can have abelian dynamical Galois groups. Proof. By contradiction, assume that f is post-critically infinite. Then by Lemma 4.7 the group G ∞ (f, α) is infinite. It follows that, in particular, f m − α has a root β / ∈ K for some m. Since the post-critical orbit of f is entirely contained in K, we conclude that f n − β is separable for every n ≥ 1, and therefore the group G ∞ (f, β) is the image of the arboreal representation ρ f,β over K(β). By Remark 4.6, G ∞ (f, β) is a subquotient of G ∞ (f, α), and hence it is abelian again. Moreover, by Lemma 4.7 again, G ∞ (f, β) is not trivial. Let γ be a faithful node for G ∞ (f, β) acting on the tree of roots of the collection of polynomials f n − β's: by Proposition 4.4 the group γ) ). It follows by Proposition 2.1 that c n − γ n≥1 is finite dimensional modulo squares, contradicting Theorem 2.5.
Our next goal is to use Theorem 4.8 in order to prove [4, Conjecture 1] in the quadratic case over Q. To do so, let us first recall the following local results. Definition 4.9. Let K be a local field and L/K be a separable extension. We say that L/K is infinitely ramified if for every integer N there exists a finite sub-extension F/K in L/K whose ramification index satisfies the lower bound e F/K ≥ N . and α ∈ k. Let v(c) ≥ 0 and suppose that one of the following two conditions is satisfied:
The following result will play a key role for us. We give a quick proof using local class field theory. However we remark that it is also possible to prove it by more elementary methods, using the explicit description of tame extensions of local fields via radicals and the finiteness of the group of roots of unity in any non-archimedean local field. Proof. Let O k be the ring of integers of k and m its maximal ideal. By local class field theory (see for example [22, Chapter V]) the group G ab k is isomorphic, as a topological group, to Z × O * k , with the inertia group I k ′ /k admitting a continuous surjection from O * k ∼ = (O k /m) * × (1 + m). Since 1 + m is a Z p -module and I k ′ /k is a pro-2-group, such a surjection must factor through (O k /m) * , and hence the image is finite.
We are now in place to prove our final results. 
Proof. First, suppose that f is conjugated to x 2 or x 2 −2. These are somewhat special cases, as they are the powering map and the Chebyshev map, respectively, of degree 2. Then, as shown in [4, Theorems 12, 13] , it follows elementarily from a theorem of Amoroso and Zannier [2] that G ∞ (f, α) is abelian if and only if f = x 2 and α is a root of unity or f = x 2 − 2 and α = ζ + 1/ζ, where ζ is a root of unity. Since α ∈ Q, in the first case one must have α = ±1, while in the second case ζ must satisfy a quadratic equation over the rationals, and hence ζ ∈ {±1, ±i, ±1/2 ± i √ 3/2}, yielding the conclusion. Now assume that G ∞ (f, α) is abelian. Observe that up to conjugation over Q, we can assume that the pair (f, α) is of the form (x 2 + c, α) for some c, α ∈ Q. By Theorem 4.8, it follows that f is post-critically finite. It is easy to show (see for example [7] ) that there are exactly three post-critically finite polynomials in Q[x] of the aforementioned form: they are x 2 , x 2 − 1 and x 2 − 2. If f ∈ {x 2 , x 2 − 2}, the claim follows as we explained above.
Hence we are left with the case f = x 2 − 1, and we need to show that G ∞ (f, α) is non-abelian for every α ∈ Q. First, let us assume that α / ∈ {0, −1}. If there exists an odd prime p such that v p (α) = 0, then we conclude immediately by Theorem 4.10 and Lemma 4.11, since if Im(ρ f,α ) is abelian then so is Im(ρ f,α |G Qp ). 3 This immediately implies that α must be of the form ±2 j for some j ∈ Z. Suppose first that α / ∈ {1, −2, −1/2}. Notice that Q( √ α + 1) ∞ (f, √ α + 1) ⊆ Q ∞ (f, α), and therefore it is enough to show that Q( √ α + 1) ∞ (f, √ α + 1) is a non-abelian extension of Q( √ α + 1). But this follows by the same argument we just used: for these values of α there always exists an odd prime p such that v p (α + 1) = 0, and therefore Theorem 4.10 and Lemma 4.11 allow to conclude.
Next, we have to exclude the cases α ∈ {1, −2, −1/2}. As usual, we denote by {c n } n≥1 the adjusted post-critical orbit of f and by c n,α the sequence defined by c 1,α := c 1 + α and c n,α := c n − α for n ≥ 2. It is a well-known fact (see for example [25] ) that if dim c 1,α , c 2,α = 2, then Gal(f 2 − α) ∼ = D 8 . This immediately rules out α = 1, −2. If α = −1/2 then (c 1,α , c 2,α , c 3,α ) = (1/2, 1/2, −1/2). But then φ 1 (G ∞ (f, α)) = {0}, since 1/2 is not a rational square, and hence −1/2 is a faithful node for G ∞ (f, −1/2). Furthermore by Proposition 2.1 the image of G ∞ (f, −1/2) via φ : Ω ∞ → n≥1 F 2 is at least 2-dimensional, since 1/2 and −1/2 are independent modulo rational squares. Hence by Proposition 4.4 we conclude that the group G ∞ (f, −1/2) cannot be abelian.
To conclude the proof, we have to rule out the case α ∈ {0, −1}. Since the equation f = −1 has only 0 as a solution, it follows immediately that G ∞ (f, −1) = G ∞ (f, 0).
Thus it is enough to deal with α = 0. The roots of f 2 are 0 and ± √ 2 and therefore by Remark 4.6 it is enough to show that Im(ρ f, √ 2 ) is not abelian. One can argue again as above: c 1, √ 2 = 1 + √ 2 and c 2,
It is immediate to verify that 1 + √ 2 and − √ 2 are linearly independent modulo squares in Q( √ 2) * , and therefore the Galois group of f 2 − √ 2 over Q( √ 2) is isomorphic to D 8 .
Let us remark that one can remove the non-exceptionality hypothesis on α, at the cost of adding (x 2 , 0) to the list. However, pairs (f, α) with α exceptional are not so interesting from the Galois-dynamical point of view: by Lemma 4.7, up to passing to a finite extension of the base field their dynamical Galois group is trivial. Proof. The "if" part is obvious, since the group Gal(F p /F p ) is abelian.
Conversely, assume that G ∞ (f, α) is abelian. By Theorem 4.8, f must be postcritically finite. From this it follows immediately that when we write f (x) = (x − γ) 2 + b, we must have that b − γ is in F p . Indeed, up to conjugation we can assume that f = x 2 + c, where c = b − γ. Now we have that the orbit of 0 is finite. We claim that this forces c to be in F p . To see this either observe that if there is a valuation v of K with v(c) < 0, then we clearly have that the valuations of the orbit of 0 go to −∞, hence in particular the orbit is infinite. Alternatively the conclusion follows from the fact that if x 2 + c is PCF then c satisfies a non trivial polynomial equation with coefficients in F p . The same conclusion on f could have been reached using [5, Corollary 6.3] . Now if α is non-constant, then there is necessarily a place p of K such that v p (α) < 0. Let then K p be the completion of K at p: by Theorem 4.10 the extension (K p ) ∞ (f, α)/K p is infinitely ramified, and Lemma 4.11 shows that it is non-abelian. It follows that α must be constant.
